Photonic spatial Bell-state analysis for robust quantum secure direct communication 

using quantum dot-cavity systems* 
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Recently, experiments showed that the spatial-mode states of entangled photons are more robust 
than their polarization-mode states in quantum communications. Here we construct a complete and 
deterministic protocol for analyzing the spatial Bell states using the interaction between a photon 
and an electron spin in a charged quantum dot inside a one-side micropillar microcavity. A quantum 
nondemohtion detector (QND) for checking the parity of a two-photon system can be constructed 
with the giant optical Faraday rotation in this solid state system. With this parity-check QND, we 
present a complete and deterministic proposal for the analysis of the four spatial-mode Bell states. 
Moreover, we present a robust two-step quantum secure direct communication protocol based on 
the spatial-mode Bell states and the photonic spatial Bell-state analysis. Our analysis shows that 
our BSA proposal works in both the strong and the weak coupling regimes if the side leakage and 
cavity loss rate is small. 
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INTRODUCTION 



Entanglement, an essential quantum correlation be- 
tween two quantum subsystems P, [3| , lies at the heart 
of quantum information and it plays a critical role in 
quantum information processing, especially for quantum 
computation 1], quantum key distribution (QKD) 0-3) 
quantum teleportation [8| , entanglement swapping 9j, 
quantum dense coding [13, [HI , quantum secret sharing 
(QSS) and so on. In most quantum communi- 

cation tasks. Bell-state analysis (BSA) is required, es- 
pecially in teleportation, entanglement swapping, dense 
coding, quantum state sharing |15l - [l9| . and quantum re- 
peaters. BSA is defined as the projection of the state 
of a two-qubit system onto the maximally entangled Bell 
states. The four Bell states of two-qubit systems are 
orthogonal to each other and are deemed to be discrim- 
inated deterministically in principle, but BSA is always 
a technical difficulty, which yields a low efficiency and a 
low discrimination fidelity [20|. It is impossible to dis- 
tinguish the four Bell states in the polarization degree 
of freedom (DOF) with only linear optical elements. In 
1999, Vaidman's [21] and Liitkenhaus' |22] groups put 
forward a BSA protocol for teleportation with the suc- 
cess probability of ^, resorting to only linear optical el- 
ements. In the following years, some other proposals to 
analyze completely Bell states in the polarization DOF, 
including those using spatial entanglement of photons, 
were introduced [23-30]. The complete BSA on the po- 
larization DOF requires the hyperentanglcment in both 
the polarization DOF and the spatial DOF (or another 
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DOF) or the nonlinear interaction between photons and 
media. 

Recent works showed that an electron spin in a charged 
quantum dot (QD) inside a microwave cavity [3l| can 
be used to store and process quantum information. In 
2008, Hu et al. [s^ proposed a quantum nondemohtion 
method using the interaction of the left-circularly and the 
right-circularly polarized lights with a QD-cavity system. 
This giant circular birefringence (GCB) in a QD-cavity 
system can be used to construct a CNOT gate [11], a 
multiphoton entangler [lljsl, [11] , a photonic polariza- 
tion Bell-state analvzerjiGfT^ entanglement purification 
[13|, and so on. 

In 2000, Long and Liu [llj proposed an interesting 
quantum communication protocol with a quantum data 
block, which can be used to transmit the secret message 
directly between two legitimate users (without creating a 
private key first). It was detailed and given the term as 
quantum secure direct communication (QSDC) by Deng, 
Long, and Liu [llj in 2003. Subsequently, QSDC was ac- 
tively pursued by sor ne g roups and people proposed some 
QSDC protocols [38'-' Si], quasi-secure quantum commu- 
nication protocols 52] and some deterministic secure 
quantum communication protocols (53l - [59| . In most of 
QSDC protocols existing, the polarization states of pho- 
ton systems are used to carry the secret message [60|- 
However, the polarization states of photons are fragile to 
channel noise when they are transmitted over a practical 
channel, such as an optical fiber or a free space. Fortu- 
nately, some DOFs of photon systems are robust against 
channel noise, such as the spatial-mode DOF and the 
frequency DOF of photon systems. For example, the en- 
tanglement in the spatial-mode DOF of photon pairs was 
used to purify the entanglement in the polarization DOF 
by people [6l] - [66j . The experiment showed ^ that it is 
not more difficult to control the stability of the spatial 
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entanglement. In 2008, the experiment by Minor et al. 
[681] for phase-noise measurements showed that the phase 
in long fibers with several tens of km remains stable in 
a realistic environment, which is an acceptable level for 
time on the order of 100 /is and is enough for the phase 
stabilization in feasible quantum repeaters with optical- 
fiber networks. Also, the frequency entanglement is used 
for faithful entanglement distribution on the polarization 
entanglement of photon pairs [g^. In 1999, MeroUa et al. 

showed that a quantum bit error rate contribution 
of approximately 4% and estimated that 2% could be at- 
tributed to the transmission of the central frequency by 
the Fabry-Perot cavity in a key distribution experiment 
over a 20-km single- mode optical-fiber spool [63]. How- 
ever, the Hadamard operation on the frequency states of 
photons is difficult, which limits the direct application of 
frequency entanglement in quantum communication, dif- 
ferent from the spatial entanglement of photon systems. 

In this paper, we present a complete and determinis- 
tic analysis protocol for the photonic spatial Bell states, 
resorting to the GCB based on a quantum dot inside 
a one-side micropillar microcavity. In our proposal, we 
first construct a parity-check quantum nondemolition de- 
tector (QND) for the spatial-mode DOF of photon pairs 
by exploiting the interaction between a photon and an 
electron spin in a charged quantum dot (QD) inside a 
one-side micropillar microcavity. With this QND, we 
can first divide the four Bell states in spatial-mode DOF 
into two groups, that is, the even-parity group and the 
odd-parity group, according to their parities of the two 
photons in the spatial-mode DOF, and then distinguish 
the relative phase of the two states in each group by 
transforming the difference of the phases into that of the 
spatial modes with BSs and QND. Based on the spatial- 
mode Bell states and their BSA, we present a robust two- 
step quantum secure direct communication protocol as 
the spatial entanglement of two-photon systems is more 
robust than the polarization entanglement. Our analysis 
shows that our BSA proposal for spatial-mode Bell states 
works in both the strong coupling regime and the weak 
coupling regime if the side leakage and cavity loss rate is 
small. 



II. QD-CAVITY SYSTEM 

In order to understand the principle of the interaction 
between a photon and an electron spin, we first intro- 
duce the construction of a one-side QD-cavity system. 
The QD-cavity system is always constructed by a singly 
charged QD (self-assembled In(Ga)As QD or a GaAs in- 
terface QD) located in the center of a one-side optical 
resonant cavity for maximal light-matter coupling. If an 
excess electron is injected into the singly charged QD, 
a negatively charged exciton {X~) with two electrons 
bound to one hole [7l| is created by optical excitation. 
Different excess electron spins create different structures 
of X~ , according to Pauli's exclusion principle, which is 



called X~ spin-dependent transitions [721 . If the injected 
excess electron spin is in the state | f) , the QD-cavity sys- 
tem resonantly absorbs a left-handed circularly polarized 
light \L) and creates a negatively charged exciton in the 
state I tilt)- If the injected excess electron spin is in 
the state | I), the QD-cavity system resonantly absorbs 
a right-handed circularly polarized light \R) and creates 
a negatively charged exciton in the state | tt-IJ-)- Here, 
I tf) and I -H) represent the heavy-hole spin states | + |) 



and 



), respectively. 



The spin-dependent transitions have different af- 
fections on the phase shifts of two circularly polarized 
lights after being reflected from the optical resonant mi- 
crocavity. This optical transition process can be charac- 
terized by Heisenberg equations for the cavity-field op- 
erator d and X~ dipole operator ct_ in the interaction 
picture [t^ as follows: 
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(1) 



where g describes the coupling strength oi X~ and the 
cavity mode, ujc, uj and ujx- describe the frequencies 
of the cavity mode, the input probe light and the X~ 
transition, respectively. 7/2 describes the decay rates of 
X^ . k/2 and Ks/2 describe the decay rates and the side 
leakage rate of the cavity respectively. 




(a) 



(b) 



FIG. 1: The X~ spin-dependent transitions, (a) A singly 
charged QD inside a one-side micropillar microcavity with a 
circular cross section, (b) X~ spin selection transition rule 
due to the Pauli's exclusion principle. L and R describe the 
left and the right circularly polarized lights, respectively. 

Considering the weak excitation condition with X^ 
staying in the ground state at most time ((ctz) = 
the reflection coefficient of the QD-cavity system is [32| 



r{uj) = 1 



K[i{ujx- - w) -t- ^] 



[t{LJx- - w) + i] [i{^c - t^) + f + f ] + .g2 



(2) 



If the X and the cavity mode are uncoupled (a cold 
cavity), the coupling strength is g = and the reflection 
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coefficient ro(a;) is 



ro(w) = 



(3) 



Considering spin-dependent transitions, the phase 
shift rules of two circularly polarized lights can be ob- 
tained. If the excess electron spin is in the state | f) , the 
\L) light gets a reflection phase shift ifh with a hot cav- 
ity {X~ and the cavity mode are coupled), and the \R) 
light gets a reflection phase shift ipo with a cold cavity. If 
the excess electron spin is in the state | J,), the \L) light 
gets a reflection phase shift ipo with a cold cavity, and 
the \R) light gets a reflection phase shift (fh with a hot 
cavity. If one adjusts the frequencies uj and ujc, the reflec- 
tion coefficient can reach |ro(a;)| = 1 and |r/i(cij)| = 1 in 
an ideal condition. With the initial states of an electron 
spin and a circularly polarized light in the superposition 
states ^(1 t) + I I)) and -^i\L) + \R)), the two sys- 
tems become entangled after the light is reflected by the 
cavity, that is. 



i=(|i?) + |L))®i=(|t> + U)) 



where Atp = iph 
arg[rh{uj)]. 0\ = 
rotation angle. 



\L))\\)], 
(4) 



- Lpo, ipo = arg[ro{Lo)] and Lph = 
{ipo — ^Ph)l'2' — is the Faraday 



III. BELL-STATE ANALYSIS OF 
SPATIAL-MODE ENTANGLEMENT 

The photonic spatial Bell-states usually have the form 
as follows 



1 
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(|ai6i) ± |a262))ab. 



\ll)'^)ab = ^(|ai62) ± \a2hl))ab-, (5) 

V 2 

where a and b present two photons, and ai (&i) and a2 
(62) are the different spatial modes for the photon a (5), 
shown in Fig [2] The states are always called even- 
parity states and the states 1-0^) are always called odd- 
parity states. 

To distinguish these four Bell states in the spatial- 
mode DOF, we should first divide the four Bell states 
into two groups, that is, even-parity states and odd- 
parity states. This task can be accomplished with a 
parity-check quantum nondemolition detector (QND). 
This parity-check QND can be constructed with a one- 
side QD-cavity system, shown in Figl2] Let us assume 
that the excess electron spin is initially prepared in the 
state -^(1 t) + I i))e and the spatial Bell state of the 



^ QD 



«1 

a. 



BS 



BS 



FIG. 2: Schematic diagram for analyzing the spatial-mode 
Bell states completely. The QND is used to distinguish the 
odd-parity states IV**) from the even-parity states \(f>^). BS 
represents a 50:50 beam splitter. 



two-photon system ah is in the superposition of two circu- 
larly polarized components {a\R)+f3\L))a{a'\R)+li'\L))i) 
(here |ap + = ja'p + |/3'|2 = 1). If the frequencies 
of the input photon and the cavity mode are adjusted as 
Lo — ujc ~ k/2 to get A(/3 = 7r/2, after a photon interacts 
with the QD-cavity twice, the state of the system com- 
posed of the input photon and the electron spin becomes 
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(a|i?)+/3|L))„®— (|t) + U»e 



-> {a\R) - l3\L))a 

t> - I ;»e. (6) 



By measuring the excess electron spin in QD with the 
orthogonal basis {|±) = -^(j f) ± | J.))}, one can see 
that the state of the excess electron spin changes if there 
is a photon interacting with the QD-cavity system (with a 
phase-flip operation Up = \R){R\ — \L){L\ on the photon 
a, its original state is recovered). If there are two photons 
interacting with the QD-cavity system, the state of the 
electron spin becomes unchanged again. 

In order to measure the excess electron spin, the or- 
thogonal basis {|±)} is first rotated to the orthogonal 
basis {| t), I I)} by applying a Hadamard gate. With an 
auxiliary photon p, whose original state is {\R) + \L))p, 

put into the cavity, where the photon only interacts with 
the QD-cavity system once, the state of the system com- 
posed of the auxiliary photon and the electron spin in 
the QD after refiection becomes 

±{\R) + \L)),\t) -^i\R)+m,\t), 
±i\R) + \L)),\i) -> ±i\R)-^\L)),\i). (7) 

By measuring the state of the output auxiliary photon 
p in the orthogonal linear polarizations "^(1^) ^ AL)), 
one can distinguish whether the state of the excess elec- 
tron spin in the QD is changed or not. In detail, if the 
auxiliary photon is in the state -^(1^) the state 
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of the electron spin e does not change. However, if the 
auxihary photon is in the state -^(\R) —i\L)), the state 

of the electron spin e is changed. 

By far, we have constructed a photon-number QND to 
distinguish an even number of photons from an odd num- 
ber of photons. If the excess electron spin is changed, 
there are an odd number of photons passing through 
the QD-cavity system. If the excess electron spin is un- 
changed, there are an even number of photons passing 
through the QD-cavity system. In Figl^l we construct 
a parity-check QND with this photon number QND. If 
the state of the excess electron spin in QD is changed, 
the spatial Bell state input is one of the two odd-parity 
states li/"^). The input spatial Bell state is one of the two 
even-parity states \(t>^) if the state of the excess electron 
spin in QD is unchanged. 

After dividing the spatial Bell states into an odd-parity 
states group and an even-parity states group, we have to 
distinguish the different relative phases in each group. 
In order to distinguish the Bell state with a relative 
phase zero from the Bell state with a relative phase tt, 
Hadamard operations are performed on the two photons 
with two 50:50 beam splitters (BS) shown in Figl5] A 
BS can be used to complete the transformation of pho- 
ton states in the spatial-mode DOF: 

^ ^(|ci) + |c2)), 

\a2) ^ ^('"^i) ~ l'=2>), 
l&i) ^ l=[\d,) + \d^)), 

\h2) ^ -^(Mi> - 

The two groups are transformed as follows: 

1 



TABLE I: Output results for complete spital Bell-state anal- 
ysis. 



(8) 



-i=(|ai6i) -f- 10262)) 
--^(|ai6i) - 10262)) 
^(|ai62) + 10261)) 
-^(10162) - [0261)) 



^(kirfi) 
^(kirf2) 



|c2rf2)), 
|c2rfl)), 



-^(Icirfi) - |c2d2)), 
^(|cirf2) - |c2dl)). (9) 



')ab, |i/'^)a(, and 
')cd and |V'")cd, 



This means that the states |0^)ab, W 
\ip~)ab win become |0+)cd, |'0+)cd, W 
respectively. With the four detectors shown in Figl^l 
one can completely distinguish the four Bell states in the 
spatial-mode DOF. If the detectors ci and di or C2 and 
d2 click, the input state is \4>'^)ab or \'ili'^)ab, respectively. 
If the detectors ci and ^2 or C2 and di click, the input 
state is \4>'~)ab or |V'~)o&, respectively. 

Now we have completely distinguish the four spatial- 
mode Bell states. The relation of the input Bell states 
and the measurement of the excess electron spin and de- 
tectors clicked is shown in Table HI If the excess electron 



State 




Results 


QD 


Detectors 


|^+> 


change 


ci , di or C2 , d2 


1^-) 


change 


Ci, d2 or C2, di 




unchange 


ci, di or C2, d2 


ir> 


unchange 


ci, d2 or C2, di 



spin in QD is unchanged and the detectors ci, di or C2, d2 
chck, the state input is |^"'"). If the excess electron spin 
in QD is changed and the detectors Ci and di or C2 and 
^2 click, the input state is |'(/'~'"). The excess electron spin 
in QD is unchanged and the detectors ci and d2 or C2 and 
di click for the input state |(/)~), and the excess electron 
spin in QD is changed and the detectors ci and ^2 or C2 
and di click for the input state \il>~). 



IV. ROBUST TWO-STEP QSDC BASED ON 
SPATIAL ENTANGLEMENT 



We will present a robust two-step QSDC protocol, fol- 
lowing the ideas in Refs.fssl. [39|. With photon pairs in a 
spatial-modc Bell state, the principle of this robust two- 
step QSDC can be described in detail as follows. 

(1) The phase for creating a secure quantum channel 
between the two users with photon pairs in a spatial- 
mode Bell state. 

In this time, Alice and Bob can create a secure quan- 
tum channel with a sequence of photon pairs in a spatial- 
mode Bell state. In detail. Bob prepares a sequence of 
photon pairs in which each pair is in the spatial-mode 
Bell state |(/!)+)ab = -^5(10161) + |a262))a6. Bob divides 
the photon pairs into two photon sequences Sa and Sb- 
That is, Sa [Sb] is composed of all the photons a (6) 
in the photon pairs, as the same as that in the origi- 
nal two-step protocol [H, [11]. Bob sends the photon 
sequence Sa to Alice. After Alice receives the sequence 
Sa: she chooses randomly a subset of photon samples 
from Sa and measures them by choosing randomly one 
of two nonorthogonal bases for each photon, say Z and X . 
Here Z = {|ai), jaz)} and X = {|±) = ^(|ai) ± jaz))}. 
She tells Bob the positions and the outcomes of sam- 
pling photons. Bob measures the photons correlated to 
the samples chosen by Alice with the same bases as those 
by Alice and then analyzes the security of their quantum 
channel with a sequence of photon pairs in a spatial-mode 
Bell state. If Bob confirms that their channel is secure, 
he tells Alice to encode her secret message on the pho- 
tons remained in the photon sequence Sa- Otherwise, 
Bob and Alice discard their quantum channel and repeat 
their quantum communication from the beginning. 

In essence. Bob and Alice create a secure quantum 
channel with a sequence of photon pairs in a spatial- 
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mode Bell state in the first phase. The eavesdropping 
check can be accomplished with the correlation between 
the two photons in each pair, as the same as the Bennett- 
Brassard-Mermin QKD protocol 3 . More accurately, it 
is as the same as the eavesd ropping; check in the origi- 
nal two-step QSDC protocol [38l |3^ in principle. How- 
ever, this process is more robust than that in the origi- 
nal two-step QSDC protocol 38,^] as the spatial-mode 
entanglement is more stable than the polarization en- 
tanglement of photon pairs, as shown in previous works 

mm- 

(2) The message coding and decoding phase. 

After Alice and Bob create a quantum channel se- 
curely, they can exchange the secret message directly. 
That is, Alice encodes her secret message on the pho- 
tons in the sequence Sa with four unitary operations Ui 
{i = 1,2,3,4) in the spatial-mode DOF. Here 



\ai){ai\ 

laiXflal 
|ai)(ai| 
|ai)(a2| 



|a2)(a2|, 
\a2){ai\, 
|a2)(a2|, 
|a2)(ai|- 



(10) 



With these unitary operations, Alice can transform the 
spatial- mode Bell state |0^)ab into one of the four Bell 
states \(t)^)ab and \ip^)ab- 

In order to check eavesdropping, Alice chooses ran- 
domly some photons in the sequence Sa as the samples 
for error rate analysis and she encodes them with the 
four unitary operations randomly. After coding the mes- 
sage, Alice sends the photon sequence Sa to Bob. By 
combining the two photon sequences Sa and Sb and per- 
forming a BSA on the spatial-mode entangled states of 
each photon pair. Bob can obtain the information about 
the unitary operations chosen by Alice in a deterministic 
way. After filtering out the sample pairs for eavesdrop- 
ping check, Bob can, in principle, read out the secret 
message sent by Alice directly if they code the opera- 
tions Ui, U2, C/3, and U4 as the message 00, 01, 10, and 
11, respectively. 

From the description above, one can see that this ro- 
bust two-step QSDC protocol does not increase the diffi- 
culty of its implementation in experiment, compared with 
the original two-step QSDC protocol [3l, [S^l- Except 
for the complete analysis for the four spatial-mode Bell 
states, all the unitary operations can be accomplished 
with linear optical elements, such as BSs. However, it 
improves the robustness of the two-step QSDC protocol 
largely. Moreover, the present robust two-step QSDC 
protocol requires Alice to send the photon sequence Sa 
back to Bob, not the case that Bob sends both the se- 
quences Sb and Sa to Alice, which is different to the 
original two-step QSDC protocol 38, 39]. This modifica- 
tion can reduce the requirement of entanglement swap- 
ping when there is photon loss in the transmission line. 
Certainly, Alice and Bob should prevent a vicious eaves- 
dropper from stealing their secret message with Trojan 
horse attack l7i.[75l. 



V. DISCUSSION AND SUMMARY 

Bell states analysis is necessary in quantum com- 
munication. Many works were focused on a complete 
and deterministic analysis of Bell states in the polar 
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ization DOF of photon pairs with linear optics 
or nonlinear optics [tI]. In 2010, Bonato et al 
constructed a complete polarization photonic Bell-state 
analyzer with double-sided QD-cavity system in weak- 
coupling regime. In 2011, Hu et al. [30] also constructed 
a complete polarization photonic Bell-state analyzer us- 
ing both single-sided and double-sided QD-cavity sys- 
tems based on GCB. They pointed out that their schemes 
work with the coherence photon-spin interaction in lin- 
ear regime. Recently, people find that the spatial-mode 
entanglement of a photon pair is more robust than its po- 
larization entanglement. This good feature can be used 
to design some robust quantum communication proto- 
cols. In this work, we present a robust two-step QSDC 
protocol based on the spatial-mode entanglement and the 
complete BSA. Certainly, this protocol can be used to 
create a private key between two legitimate users, sim- 
ilar to the works in Refs.[38l. |39| . The complete BSA 
of spatial-mode Bell states in our proposal is also con- 
structed with the GCB of a one-side QD-cavity system 
working in linear regime. The one-side QD-cavity system 
is used to construct photon-number QND to distinguish 
an even number of photons from an odd number of pho- 
tons which works as parity check gate in spatial-mode 
BSA. Here an external freedom of electron spin in QD 
is introduced to assist complete spatial-mode photonic 
BSA in linear condition. 



HWP 




FIG. 3: Schematic diagram for the generation of the spa- 
tial entanglement from the polarization entanglement of two- 
photon systems, a and b represent the two photons in a two- 
photon system whose initial state is -^{\H}a\H)b + \V)a\V)b)- 
PBS presents a polarizing beam sphtter which is used to 
transmits the photon in the horizontal polarization \H) and 
reflects the photon in the vertical polarization \V). HWP is 
a half-wave plate which is used to flip the polarization states 
of photons, i.e., \H) ^ \V). 

In experiment, the spatial-mode entanglement of a 
photon pair can be obtained by the transformation from 
the polarization entanglement. Its principle is shown in 
FigOl That is, one can first produce a photon pair in 
an entangled state in the polarization DOF \4>p)ab = 
-^{\H)a\H)i, + \ V)a\V)i,) and then transform the polar- 
ization entanglement into the spatial entanglement with 
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linear optical elements, shown in Fig|3l When the pho- 
ton pair ab passes through the two PBSs and the two 
HWPs, its state becomes 



1$^ 



\H)JH) 



■^(|ai)a|6i; 



b+\a2)a\b2)b)- (11) 



This is just the spatial- mode Bell state \4>'^)ab- 

In order to construct spatial-mode complete BSA with 
parity-check gate, the relative phase shift of the left and 
the right circular polarized lights should be Aip — ±tt/2. 
This can be achieved by adjusting the frequencies as 
LOc — Wx- — '^Oi Lo ~ uJc ~ k/2 and keeping the cav- 
ity side leakage rate as Kg < 1.3k. In 2011, Young et al. 
|79l] performed an experiment to measure the quantum- 
dot-induced phase shift with a quantum dot resonantly 
coupled to a pillar microcavity {Q ^ 51000, d — 2.5/im), 
and showed that a QD- induced phase shift of 0.2 rad be- 
tween an (effectively) empty cavity and a cavity with a 
resonantly coupled QD can be deduced by using a single- 
photon level probe and improving mode matching and 
pillar design. In an ideal case, the side leakage loss rate 
Kg is much lower than the cavity loss rate k, and the re- 
flection coefficients for the cold and the hot cavities can 
achieve |?'o(i^)| — 1 and |rft(a;)| = 1 for unity fidelity and 
efficiency. However, in experiment, the side leakage loss 
of cavity can not be neglected and the fidelity is reduced 
to F = \{iljf\ip)\'^ . Here \ipf) is the final state of the total 
system which includes the external reservoirs and {ip) is 
the ideal state without cavity side leakage. The fidelity 
and the efficiency of spatial mode BSA process for states 
IV'^) are 



F, = 



J}rof + \rh\' + \ro\^\rh\ + \ro\\rh\y 
4(|ro| 



IrolW + lrolW)'' 



(12) 



and the fidelity and the efficiency of states 



are 



F. = 



(ko|^ + |r^|^ + |ronr,,|-f |ro||r;,|4)2 



8(|ro|io 

. (kol- 
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\ro\W 



|roP|r;,|8) 



\rh\)' 



4(|roP + |r,|2)' 



m = 



\rh 



(13) 



From Fig. |4]and Fig. [SJ one can see that the fidelity and 
the efficiency of the even parity states |(^^) are larger 
than those of the odd parity states In Fig. IH^a) 

and Fig. [DJa), the fidelity of the present spatial-mode 
BSA is relatively high in both the strong coupling regime 
(g > {k + Kg) / and the weak coupling regime {g < 
{k+Ks)/4,). In Fig. mjb) and Fig. Eljb), the high efficiency 
of the present spatial-mode BSA can only be gotten in 
the strong coupling regime. That is, our BSA proposal 
works efficiently in the strong coupling regime, which is 
challenging to be observed [8(| in various QD-cavity sys- 
tems. The strong coupling strength g = 0.5(k -t- Kg) was 




FIG. 4: The fidelity (Fi) and the efficiency (rji) of the present 
spatial- mode BSA for \ip^) vs the coupling strength and dif- 
ferent side leakage rates with 7 — 0.1k. 



observed in d = 1.5 /im micropillar microcavities with 
the quality factor Q = 8800, and this coupling strength 
can be increased to be g = 2.4(k + Kg) [Q ^ 40000) [81| 
by irnproving the sample designs, growth, and fabrica- 
tion [83 • For the odd-parity states if the coupling 
strength is g = 2.4(k-|- Kg), the fidelity and the efficiency 
are Fi ^ 99.99% and r]i = 98.1% with Kg/K = 0, and 
Fi = 69.6% and 771 = 53.2% with Kg/n = 0.7. Both the 
fidelity and the efficiency are high with the strong cou- 
pling strength, but they are largely reduced by the side 
leakage and cavity loss rate. In experiment, the quality 
factor is dominated by the side leakage and cavity loss 
rate of micropillar rather than the output coupling rate. 
In Ref. fs^, Hu et al. reduced the side leakage and cav- 
ity loss rate to Kg/K ^ 0.7 with the coupling strength 
g ^ K + Kg (Q ^ 17000) by thinning down the top mir- 
rors of high-Q micropillar (d = l.bfim). In this case, the 
fidelity and the efficiency of states \ip^) are Fi — 71.3% 
and 771 = 47.8%. The higher the fidelity and the ef- 
ficiency are demanded, the smaller Kg/K are required. 
This is quite a challenging for micropillar microcavities, 
because the strong coupling was achieved in a large mi- 
cropillar (d = 7.3^m) with a large side leakage [83| in 
recent experiments. 

Besides micropillar microcavities, there are many other 
factors which affect the fidelity of our BSA proposal. The 
spin decoherence is the one we should consider with the 
fidelity decoherence factor F' ^ [1 + exp{-At/Ti)]/2 



[36l |. Here r| is the electron spin decoherence time and 
At is the time interval between two input photons. As 
T| could be extended to /is with spin echo techniques, 
which is longer than At (ns) in the weak excitation ap- 
proximation, this fidelity decoherence factor can be ne- 
glected. The optical dephasing time of exciton, which 
is ten times longer than cavity photon lifetime [84":86| , 
also reduces the fidelity by a few percent. While the hole 
spin in X~ (absence of significant hyperfine interaction) 
is three orders longer than the cavity photon life time 
[STi - fsgj . and the spin dephasing ol X~ can be safely ne- 
glected. The hole mixing can also reduce the fidelity due 
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FIG. 5: The fidelity (F2) and tlie efficiency (772) of tfie present 
spatial- mode BSA for \4>^) vs the coupling strength and dif- 
ferent side leakage rates with 7 = 0.1k. 

to unperfect optical selection rule [oO]. For charged ex- 
citon X~, this effect can be neglected by the quenched 
exchange interaction [qi], H^I • 

In summary, we have presented a complete and deter- 
ministic protocol for the BSA in the spatial-mode DOF of 
a photon pair, resorting to the GCB based on a quantum 
dot inside a one-side micropillar microcavity. The whole 



process for BSA is divided into two parts. First, one di- 
vides the four Bell states in spatial-mode DOF into two 
groups, that is, the even-parity group and the odd-parity 
group, according to their parities of the two photons with 
a parity-check QND based on QD-cavity system. Sub- 
sequently, one can distinguish the relative phase of the 
two states in each group by transforming the difference 
of the phases into that of the spatial modes with BSs 
and QND. As the spatial entanglement of two- photon 
systems is more robust than the polarization entangle- 
ment, we presented a robust two-step quantum secure di- 
rect communication protocol with the spatial-mode Bell 
states and their BSA. With current technology, our BSA 
proposal for spatial-mode Bell states works in both the 
strong coupling regime {g > (k + Ks)/4) and the weak 
coupling regime {g < {k + Ks)/4) if the side leakage and 
cavity loss rate is small. Maybe this BSA proposal for 
spatial-mode Bell states is very useful in the applica- 
tions in robust quantum communication protocols, such 
as QKD, QSS, quantum state sharing, deterministic se- 
cure quantum communication, and so on. 

This work is supported by the National Natural Sci- 
ence Foundation of China under Grant Nos. 10974020 
and 11174039, NCET-11-0031, and the Fundamental Re- 
search Funds for the Central Universities. 
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